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Abstract

Subnormal operator on a Hilbert
space and its spectra have been
studied by many authors. The aim of
this work is to present some ideas on
how to obtain new results related to
some spectral properties of the
subnormal operator. To show that we
have used a particular type of
operators as an example, which is
represented by certain infinite matrix.
We have reached new results that
have been presented in the form of
theorems.
Keywords: Subnormal operator,
hyponormal  operator,  spectrum,
infinite matrices, sequence spaces.
* Introduction

In this work, an interesting
type of operators is the focus of
attention, which is today called
subnormal. From the literature
presented in [4,5,6,7], it is noted that,
several authors have studied the

spectra of the subnormal operator on
Hilbert space. Surprisingly, to the
authors' knowledge, we did not find a
study that determines the spectra for
a specific example of this type. Our
main problem is devoted to answer
this question:

How to apply some obtained
results related to the spectra of a
generalized difference operator for
getting other results associated with
spectra of the subnormal operator?

We use some known methods
to get the adjoint of operator and we
consider  three  methods  for
classifying the spectrum.

The concept of subnormality
has been introduced by Halmos [11]
and has been defined by others, see
[4],[5], [7]. In fact, as it was
mentioned, the  concept  of
subnormality is very close to concept
of normality, where subnormal
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operator arises from the concept of a
normal operator.

The spectrum of some operators
on certain spaces has been studied by
many authors, see [1],[2], [9], [19].

Let X be a complex infinite
dimensional Banach space and B(X)
be the set of all bounded linear
operators on X into itself. If T €
B(X), we use R(T) to denote the
range of T.

For a Banach space X we use
X* to denote the dual space of X.
If T e B(X), then T* € B(X") is the
adjoint operator of T.

We begin by giving the
definitions of some basic concepts,
which are needed in this work.

* Definition 1.1
[10]. The Hahn space h is defined by

h={x= ()7 : lim x, =
0and 2%, Klxis — Xl < oo},
with the norm

(o]
Ixilln = ) Kl + suplxi.
k=1

Or with a new norm, see [16,
Proposition 2.1] as %kl =
Yreq K|Axy|, where
Axy = [Xpy1 — Xkl

The space o, of all absolutely
summable sequences x = (xy)g IS
defined as

oo = = o0

1 n
sup 1+ (3o il < o0}

The spaces h and o, are Banach
spaces and h* = o, [10,12].

* Theorem 1.1

[10,12,13]. The matrix A = (a,k)
gives rise to abounded linear operator
T € B(h) if and only if

1- lim a,, =0, forallk=1,2, ...,

n—->oo
2- Y% in|ap —ans1x| converges,
forall k= (1,2,...),

1 k
3- Slll(p EZ{?ﬂ n|Zv=1(anv -

an+1,v)| < .
* Definition 1.2

If TeB(X), with T we
associate the operator
T, =T—Al

where I is the identity mapping
of X onto itself. If T, has an inverse
which is linear, we denote it by Ty *
and call it the resolvent operator of T.
All of the points A in the complex
plane C are divided into two mutually
exclusive and complementary sets:

The resolvent set. p(T,X) =
{A € C: T — Al'is a bijection}, and

The spectrum of T: o(T,X) =
{A € C: T — Al is not invertible},

The spectrum o(T,X) is the
complement of p(T,X) in the
complex plane C, o(T,X) can be
analyzed into three disjoint sets as
follows:
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The point spectrum: o,(T,X) = {A €
C: T — Al is not injective},
The continuous spectrum:

o (T,X) ={AeC:T-

Alis injective and R(T — Al) =
X,but R(T — Al # X},
The residual spectrum:

o (T,X) ={A€EC:T—
Al is injective, but R(T — AI) # X},
These three subspectra form disjoint
subdivisions

o(T,X) = 0,(T,X) Uo (T, X) U
o.(T,X).

Three more subdivisions of the
spectrum which are not necessarily
disjoint can be defined, see Appel et
al. [3].

The approximate point spectrum
of T

Gap(T: X) =

Whereo (T, X) = 0,,(T,X) U
o5(T,X),

o(T,X) = 0,4p(T,X) U 0, (T, X).
Clearly, o,(T,X) S 0,p(T,X) and
00 (T,X) € 05(T, X).

Sinceo (T, X) = o, (T, X) U

0.(T,X) U o,.(T, X), S0, we
haveo (T, X) = 0, (T, X) \ 0,(T,X),
0. (T,X) = o(T,X) \ [0,(T,X) U

0o (T, X)].
Also, by proposition in [3] we
have the following relations:

o(T*,X*) = o(T, X),
Gap(T*;X*) = 05(T,X),
05(T",X") = 04p(T,X),
Gp(T*: X") = 06 (T, X),
o(T,X) = 0,4p(T,X) U 0, (T*,X*) =
0p (T, X) U 0,p (T, X¥).

There are another classification of

{AeC: there exists a Weyl sequence for T -the spectrum, a linear operator with

AL},

where the sequence (xx) in X is
called a Weyl sequence for T if
Xkl =1 and [|Txy|]| 20, as k =
CO,

The defect spectrum of T :
os(T,X) ={Ae C:R(AI—-T) # X}

The compression spectrum :
0o(T,X) ={A€e C:R(AI-T) # X},
The two subspectra o,,(T,X) and
o5(T,X) are not necessarily disjoint.
As well as 0,,(T,X) and o, (T, X)
are not necessarily disjoint.

domain and range in a normed space
X is classified into I, IT or III ,see
Taylor and Halberg [17-18] to get
details. There are some relation
0p(T,X) = I3(T,X) U II5(T,X) U
1115(T, X),

o.(T,X) = 111, (T,X) U lIL,(T, X)
0.(T,X) = I1,(T,X)

0ap(T, X) = o(T, X)\III1 (T, X),
05(T,X) = o(T,X)\Is(T,X)

Now, we present some concepts,
which are associated with a
subnormal operator and its normal
extension.
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* Definition 1.3.

An operator S acting on a
Hilbert space H is said to be
subnormal if there is a Hilbert space
K containing H and a normal operator
N on K such that NH € H and
S=N+{y,and N is called a normal
extension of S and S is the restriction
of N.

Equivalently, S is subnormal on
a subspace H of K, if the normal
operator N, acting on K leaves H
invariant, and S is the restriction of N
to H.

An example of a subnormal
operator is the unilateral shift, such
that, the bilateral shift is a normal
extension. If U is a bilateral shift
relative to the spaces {K,} and
H=K,®K;® - , then H is
invariant for U and S=U 4y is a
unilateral shift [6].

In particular, every normal
operator is subnormal [6].

The more so, as the behavior of
some subnormal operators is rather
startlingly different from that of the
normal operators.

* Definition 1.4.

An operator S is called
quasinormal if S and S*S commute.
Every normal operator is quasinormal
but the converse is obviously false
[5].

Every quasinormal operator is
subnormal [5], [6].

* Theorem 1.2.
If S € B(H), then the following
statements are equivalent:
(@) S is subnormal,
(b) S has a quasinormal
extension.
* Proof
If S is subnormal, then S has a
normal extension N , it follows that N
Is a quasinormal extension for S ,
because N(N*N) = (NN*)N =
(N*N)N.
Conversely, if (b) holds, then
S is subnormal. Thus (a) and (b) are
equivalent.
Also, in 1950 Paul Halmos
[11] introduced a larger class of
operators, which are called
hyponormal.
* Definition 1.5.
An operator A is hyponormal
if A*A > AA".
* Theorem 1.3.
Every  subnormal
hyponormal.
* Proof
This theorem has been proved
in [5], [6], but we can prove it with
other way: If S (on H) is subnormal,
with normal extension N (on K), P is
projection from K onto H,if fe H ,
then  [|S*f]| = |[PN*f]| < [IN*f]| =
|INf]| = ||Sf]| , it is equivalent to the
operator inequality SS* < S*S.

operator s
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Indeed, the results in this paper,
generally speaking, are concerned
with the relationships that exist
between the spectrum of a subnormal
operator and that of its normal
extension.

* Theorem 1.4

[8] Suppose that T is a normal
operator and that A is a complex
number. Then A is not an eigenvalue
for T if and only if (T —AI)(H) is
dense in H.
* Theorem 1.5

[8] Let T:H—-H be a
normal operator on a Hilbert space,
theno,.(T) = 0.
* Theorem 1.6

[7] If S is a subnormal
operator and N its minimal normal
extension, then o(N) € o(5),
0p(S) € op(N) and o,,(S) € o(N).
* Theorem 1.7

[6] If A is a hyponormal
operator, then 6(A) = o.(A).
* Theorem 1.8

[6] If A is a hyponormal
operator and A is an isolated point of
o(A)
then A € op(A).
* Theorem 1.9
[6] If A is a hyponormal operator and
L€ op(A) , then ker (A—1)
reduces A.
* Main Results

The principal part is devoted to

description of certain operator as

example of a subnormal operator and
determine its spectrum and fine
spectrum.

We will introduce the spectra
analysis of a generalized difference
operator B(a) on the Hahn sequence
space h.

The generalized difference
operator B(a):u — p is defined on
the Banach sequence space p as:

B(a)x: =
(axo, aXy, aXz, ... ), X = (X)peo €
H,
wherea € R, a # 0.

This  operator can be

represented by a band matrix as
a 0 0

0 a O
B@=1y o a

It is clear that, this operator is
normal, so it is subnormal.

Now, we will present all
results of this work in the following
theorems. The first theorem shows
the bounded linearity of the operator
B(a) on h.

* Theorem 2.1

The operator B(a):h—-h is a
bounded linear operator.

* Proof

The linearity of B(a) is trivial
and so is omitted here for brevity. To
show the operator B(a) is a bounded
linear transformation on h into itself,
it is enough to prove that B(a)
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satisfies the three conditions given by
Theorem 1.1.
Obviously, the matrix B(a) = (byk)
satisfies
lim by, = 0,k =1,2,3, ...

n—oo

Also, let
R =X n|by —
bniik|, k=123, ..
So
R, = |al,
R, = |—al + 2[a] = 3]al,
and
Rz = 2| —a| + 3|a| = 5]a|.
Then, in general, we obtain
Rk = Xnzin|bpx — bpyqx] = (k—
Dlal +K|al,
which is convergent, for each fixed
k € N.
Additionally, let

Sk = 2?10=1 n|zl\§=1(bnv -

bni1iv)|, k=123,
So

S: =al,

S, = 2]a|
and

S; = 3|a|

Precisely, we have the following
cases:
Forn =1,

k
> (bry = bo)| =10l = 0.
v=1

Forn=k>1,
|2%-1(bky — brs1v)| = lal.

Forn=k+1>1,
|25 =1(Pks1,vy = brazy)| = 10/ =0
But, forn # 1,k k + 1, we have
|Z\l§=1(bnv - bn+1,v)| =
|0] = 0.
Then, for k > 2
Sk = Xn=1 n|zl\§=1(bnv -
bn+1v)| = 101 +kla] + (k+ 1)|0|
= KkJa|.
Thus

1
SUP;ZEOﬂ n|21\§:1(bnv - bn+1,v)|
k=2

= suplal] = a| < .

So, the operator B(a) is
bounded.
This completes the proof.
* Theorem 2.2
o(B(a),h) ={A € C:|]A —a] < 0}.
Proof. The proof is similar to that in
[9].
* Theorem 2.3

The operator B(a) has
eigenvalues inh, and o,(B(a),h) =
fAeC:A=a}
* Proof
Suppose B(a)x = Ax for x=(x =
(X )re1 € h, x # 6. Then by solving
the system of equations

ax; = Axy
ax, = AX,

dX3 = )\Xg
AXg1 = AXptr

we obtain
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(a—Mxx=0,k>1.
If A=a,wehavex +# 0 forall , k>
1. But, if A # a, we would have x =
6 for all k > 1. It follows that A = a
Is an eigenvalue of B(a) , therefore
op(B(a),h) ={A € C: A = a}.
By Theorems 1.9 and 2.3, we
can conclude this result.
* Corollary 2.1
ker(B(a) — al) reduces B(a).
* Proof
Since op(B(a),h) ={A €
C:A=a}, then Kker(B(a)—al) #
{0}, which leads to
ker(B(a) — al) reduces B(a).
Also, we have the following results.
* Corollary 2.2

op(B(a),h) = d(a(B(a),h)).

* Corollary 2.3

If A ¢&o,(B(a),h), then A is not
isolated point in o(B(a), h).

* Theorem 2.4

o.(B(a),h) = Q.

* Proof

The proof is trivial by Theorem
1.5.

As a result of the above, since
o(B(a),h) # o.(B(a), h), this shows
that the converse of Theorem 1.7 is
not necessarily true.

The following lemma is stated here in
order to have a convenient reference
for the proof to come.

*Lemma 2.1

If T is a bounded linear
operator on a Banach space X into

itself, then
0 (T,X) = 0, (T*, X)\o,, (T, X).
* Theorem 2.5

The point spectrum of the
adjoint operator B(a)* on h* is given
by op(B(a)",h") =
{Ae C: A =al.
* Proof
By Lemma 2.1, we have
op(B(@)*,h*) = o,(B(a),h) U
or(B(a), h)
={A€C:A=a}={a}.

Also, we can get the proof if we
suppose that B(a)*f = Af for
f=(f,f,f3..) #0inh" = o, and
then solve the system of equations

(r—Nf;, = 0f;
(r—Mf, = 0f;

(r—=Mfx = 0fgiq
Then we continue with the same steps
in the proof of Theorem 2.3.
Now, we derive the result concerning
the continuous spectrum B(a) on h.
Theorem 2.6. The continuous
spectrum of the operator B(a) on h is
o.(B(a),h) =
{Ae C:|A—a] < 0}\{a}
={AeC:|A—a| <0}
Proof. Since o(B(a),h) is the
union of the disjoint sets 6,,(B(a), h),
o.(B(a),h) and o.(B(a),h), then
Theorems 2.2, 2.3 and 2.4 imply
o.(B(a),h) ={A € C:|A—a| < 0}.
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Corollary 2.4. If A#a and
A —a| <0} for all A€ C , then
(B(a) —ADh = h.
Proof We can immediately get the
proof from Theorems 1.4, 2.3 and
2.6.

Indeed, the following results can
be obtained by the preceding
relations :

I3(B(a),h) ull3(B(a),h) U
llI3(B(a), h) = {a},
Also
II,(B(a),h) = {A € C:|A — a] < 0},
Moreover
111;(B(a),h) = llI;(B(a),h) = @.
* Theorem 2.7
The following statements hold:
() o4p(B(a),h) = o(B(a), h)\
[II;(B(a),h) ={A € C:|A—a| <0},
(i) oco(B(@),h) =
o5(B(a)",h") = {a},
(i) 05(B(a),h) = o(B(a), h)\
I3(B(a), h).
The proof is easy.
* Recommendation

After all these new results
related to the operator B(a), that we
obtained in this work and which led
us to new results regarding the
subnormal operator in general, we
propose to devise an operator, which
IS represented by certain infinite
lower or upper triangular double-
band matrix as an example of the
subnormal operator and study its fine
spectrum on some spaces in several

ways to reach more accurate results

that can be applied in many
situations.
* Conclusion

This work has aimed to clarify
some general properties of the
subnormal operator and derive
corresponding results of a
generalized difference operator as an
example of this type of the operators
specifically.
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